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Summary
" Consider estimating the weighted mean of a characteristic under
study, the weights being the straum level totals of another characteristic.
The estimaters, their biases and efficlencles are given under two
situations; (I) when only the estimates of weights are known and (II) when
the estimates of weights are known at the planning stage but thelr actual
values are known at the estimation stage.
Key word: Weighted 'mean, estimation of yleld rate of a crop,
allocation of the sample in stratified sampling.

Introduction

Samplmg schemes for' estimating weighted means were
considered hy Dayal [1]. In many surveys under stratified sampling
the object is to estimate the weighted mean of a characteristic under

study where the weights are stratum level totals of another

characteristic. Sometimes (situation I), stratum level totals of other

_characteristic are not available but their estimates are known on

the basis of an independent survey and these estimates are used.
There is also a situation (situation II) where only estimates of totals

of other characteristic are available at the time of planning of the -

survey, but at estimation stage, actual values of totals are known.

For example, in surveys carried out in India for estimating yield
rate and production of a crop, crop cutting experiments are
conducted to estimate the yield rate and for estimating area under
crop in adistrictan independent survey is undertaken and complete

enumeration of a random sample of villages is done. At the stratum -
(Tehsil/ Taluk) level, the simple mean yield rate. of crop and area
under crop alongwith estimate of total area are obtained. The .
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estimate of yield rate of crop at district level is obtained by taking
the weighted mean of yield rates of crop, the weights being stratum
level estimates of total area under crop. The estimate of production
of crop in a district is obtained by multiplying the weighted mean
yield rate with estimate of area at the district level (NSSO, 1978).
The example of situation II is also available, in certain States of
India, where advance estimates of areas, on the basis of sampling
of villages under “Timely Reporting scheme of Area Statistics”, are
available at the beginning of season but towards end, estimates of
areas on basis of complete enumeration of all the villages are
available. :

There are thus two separate characteristics (i) the characteristic
under study and (ii) the auxiliary one and each characteristic has
its own population. Both the population are divided into the number
of strata. The sampling scheme adopted is stratified simple random

.sampling with or without replacement where independent: samples
are drawn for each characteristic within each stratum in order to
estimate the stratum level means/totals of the two characteristics.
Finally, the object is to estimate the weighted mean of the
characteristic under study where weights are stratum level totals of
the auxiliary characteristic.

Let y», denote the value of the characteristic under study for the
i-th unit in the h-th stratum, i=1,2,...,Nyandh=1,2,...,L

where N, and ny are the population size and the sample size
L

respectively in the h-th stratum such that E Nh = N and
h=1

E ny = nandL denotes the number of strata. Also let ap, denote

the value of the auxiliary characteristic, which is used as weight

for the j-th unit in the h-th stratum, j=1, 2, ..., Mand h=1, 2, ..., L

where My and my are the population size and the sample size
L

respectively in the h-th stratum such that 2 Mn= M ‘and
h=1

L .

2 mp = m. Strata for estimating the two characteristics are same.

et

As usual, we denote
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h=1 hal
1 M,
So" MoT 2 (- A

L

L
— 1 - - = — 1 —_—
Q= MA 2 My ApYp and g = e E My anLyh

h=1 ' h-1
If we put
My, A M a,
Wh = MK and Wy = Ma
we get

. L
Q= Y W, Ypand Gy = D> Wi n -
b=l h-1 .

The object is to estimate Q. The estimates qst Of Y can be
interpreted in two ways, viz. (A) Qs can be taken as the sum of
products of two variables, wy, and ¥, and (B) Qg can be taken as a
ratio of two variables = My a, y;, and Ma. As stated earlier, there

’\can also be two situation viz (i) when at the planning as well as at

the estimation stage only ay, is known and (ji) at the planning stage
ay is known but at the estimation stage Ah is known. Thus the
following three cases arise: '
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Situation I : only a, is known at the planning as well as at the
estimation stages: \

(A) Qe is taken as the product of two variables
(B) Qy is taken as the ratio of two variables.

Situation II : a,, is known at the plannmg stage but 7\5 is known at
the estimation stage.

(A) Qs is taken as the product of two variables.
2. Situation I - Method (A) A
Under this case '

L L

_ = _ Mpa, ) - |
Gst = 1121 Wh Yh }121 [—2 My, 511]_ le1 -
 and
E @« = (2 wy E(Yh)) 2 Yy E(s) 2.1

Since wy, is not an unbiased estimator of Wy, Qg is not an unbiased
estimator of Q. In order to find the bias of wy, let @, = Ah + €,

such that E (g,) =O
M, &
2 My, &,
Mu(An + &)
> Mn(Ap + &)

Hence w, =

. -1
_ sy (14 M5
=MhAh(1+ Z—z) 3 Ma Ay %m—%:h

+ ...

w1() E_M_(_)EM S, ¥ )

EMhKh Ay }:MhAh }:MhAh

@2
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Taking expectation of wy, from (2.2) and substituting in (2.1), we
get, ignoring terms of higher powers than the second of ey,

MSy, 2 MiS},
- = 2
LM (S W)

(2.3)

E(qs) = 2 Wi Yn |1-

(2.3) shows that the bias in g, will be small when sample sizes in
each stratum are large.

In order to find the variance of ﬁst. we first fake average of Qst

over samples in which wy, were fixed. Over these samples, the mean

. of Qgt Is 2 wh Yh so that there is a bias of amount 2 ( Wp—- Wp) Yg.

The mean square error, ignoring finite population correction (f.p.c.),
is given by

2

E[(qst - 9) ]

V(T | ) ™

wh S% — 2

— - W) Y L
> ( o )+ [E(Wh W) h] | (5.4)
- Averaging over selections of wy,

V(qs) = E[V(ﬁst i'wh)]

= 2 [V(wh)+ w2 ] 2y 2 Y2 V(wy)+ 2 Yi Y; Cov(wy, W)
hej

(2.5)

From (2.2), ignoring terms of higher powers, we gét.

2

o= wiz](3)- 22
: AR thAh
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W ( Sz, ) Y MES, 0 oMy S
= h —| + 5 = — - —
my A7 = mpAy Y - MpA:
my, (E MhAh) 2 Ma, (2.6)
Similarly
- M;S;
Cov (Wp, W) = Wy W, | - ———2
mhAhE My An
[ MSa > My, SE,
T A S MuA [ )
mA; 3, Mn Ay mh(Z Mh'Ah)
) (2.7)
From (2.7), we get '
- - Wi Yy My, S2
> ¥ Yy Coviwn, wp) = - 2 Y Wi Yh

hey my, Ap 2 My, An

S Wi YR My S,,
my, Ay 2 My, Ay

> Wy Y-

{E Wp Yn My, S2,

S WiYE My S,
my, Ay 2 My, A

mhKhE My, Ay
o2 _ o 2 Misgh

F (S WaYs) - Y WiYR — 3

{(sms- 3] 2

(2.8)

Substituting from (2.6} and (2.8) in (2.5), we get .

W2 82 W2 §2 S2
Vl@st)=2(—n Yh)+2( »’yhzah
h nhmhAh
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WESZ « MiSi
+ 2 - ;hy 2 n (2 MhAh)
vvlzls}’h Mp Sgn wﬁYﬁsiﬁ

_22‘

- M3 S5,

* (E Wh‘_{h)z‘E —
/ (E MhAh)
—  WiYaMpSE
c =2 ) My Y — — . .
2 e my Ap 2 Mp Ap ' (2_’9')

n,myAy E My, Ay E mh'zﬁ

Allocation of the sample
From (2.9), it can be seen that V; (Qs) will be minimum when

1/2

Sk O Misg, 2M,,S2,

muAZ -\ AnS MiAyp |
b my, (2 MhAh) b 'hz hn

(2.10)

or .
ny o Wy Sy, Ky, say.

It may be noted that values of Wy, Sy, Ky, are not known. However,
estimates of Wy, Ky, are available. It may be desirable to allocate ny
proportional to estimates of Wy, Ky, since such an allocation may not
be far off from optimality if Sy, do not vary cons1derably over strata

If we allocate n;, proportional to wy, since values of Wy, are not
known, substituting n, o Wy in (2.4) and then taking expectation
with respect to wy we get,

V1 prop(@st)= 2 wisi+ SV V(wh)+2 YhY, cov(whwj)(2 .
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W2 2 2
_,,12 wisis Y i_sa,,
n my Af

o (3 R

-2 . Mis
+(2 Wth), . ;1;1

Wh Yh S
W, Y b .
2 h Xn E mh Ah 2 M; Ah (2.12)

A companson of (2.5) and (2 11) shows that the positive term,

» E V(wh) e occuring in (2 5) does not occur in (2.11). The other

2
diﬁ'erence is that in (2.5) we get 3 (wﬁ)/n—“' whereas in (2.11); the
. h -

corresponding term is 1 2 Wh Sﬁh. The minimum value of

S 2
2 W121 nYn ( 2 Wh Syh) and — 2 W Syh may not be far from

2 B
% _ 2 Wh Sy, ] and Sy, do not very much vary over strata. Thus, it
may even be desirable to allocate ny, o wy,.
3. Situation I - Method (B)

Under this case = - -

Z M 3, Yy

ast = —_ . .
Y Mypa, . 8.1
‘ is taken as a ratio of two variables. Let
yh—Yh+ Hh and . ap= Ap+ g

Such that E (dy) = E (ey) = O. We get

e, dn] |1+ E Mien
~ h| | -— =
) 2 MuAnYs [1+ A—h] [1+ Yh} E MyA, | -

Qst = | 2 Mh /_-\h'
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| - — -é_h_ dn _ 2 Mheh €ndn
| = E'M"‘A_th 1+ Kh~+ ? thAh Ath

: ) 2
) Ty Mp®y dnd Mifn [ O Mien) | 1
AsS MiAn Yu3 MuAn | > MpAy| | 3 MnAn

(3.2)

r : after neglecting terms of higher powers than the second of Eh-'an_d dp.
Taking expectation from (3.2), we get

, 2 ‘ 2
gmhm,[l_ S, _, 2 MaSs H

npAy 3 MiAn 1 Y, Muy)®
> My Ay

E@st) =T
(3:3) .
(3.3) shows that the bias of g, under this method will be small when
sample sizes in each stratum are large.

The variance of gt will be given by

» MhAth) v(S Mh5h§h)2
(2 Mu Ah) | (E MhKh.?h)

Vv ( 2 M 'a'h) L 22 Yn VMy, &)

V2 (El-st) =

zwa)  DWARIWA
1 S MﬁKﬁs | SMi¥isi, T MISLS), .
Ay e

2 -

. (E MuAn¥s) 3 MisE, S MiT,s?,
mh( . MhKh)2 ( 3 MhAth) ————mh (E MhAh)_

(3.4)
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Allocation of the sample
From (3.4), it can be seen that V5(qy;) will be minimum when

L 172

S2

a3y |
n, a WhSYh (l +- ZZJ

h Ap

It may be desirable to allocate ny proportional to estimates of
172
2

’ S
Whil + 2 which are known. It may be noted that if we
my Aﬁ . '
allocate np proportional to wy, ‘we get formula (2.12) under this
method also.

Comparison of the two methods

A comparison of (2.3) and (3.3) will show that the bias of Qst
under the two methods will be the same if we ignore terms with
powers higher than the second of e, and dy,. It can be easily varified
- that the bias will be the same even if we ignore terms with powers

higher than the third of e, and d,.

From (2.9) and (3.4), it can be seen that

W, S2 3 MES3,

ny, my, 27 WESEM,;;S2,

Vl@st)_ V2@st) = 2 - e K E M K
(ZMhAh) .hvhh h{ih ‘
(3.6)

The difference between the two formulae of variances is due to
different types of approximations involved in the two methods.
However, if we allocate nya Wh, the two methods give the same
formula.

4. Situation II — Method (A)

under this case,

Q= > Wa¥n (4.1)

_ Wi, S?
and V gy= 2 = I . (4.2)
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if we ignore £.p.c. The optimum allocation of the sample will be
when - : \

n, o Wh.Syh (4.3)

However, since Sy, are not known but wy, are known, we can
allocate ny, a wi,. Putting ny, o wh, in (4.2) and taking expectation with
respect to wn, we get

1 1
V@) = o 2 Wy S3, E(Vh)

Also

|
[y
1

(4.5)

after ignoring terms of higher powers than the second of Eh. Taking
expectation of (4.5) and substituting in (4.4), we get

: 2 <2 2 2
V@ - 1 S Wi S}, S5, D Wu Sy MiSy
t - — - e— —
° n my, AR - myp Ay E My, Ay . (4.6)
ACKNOWLEDGEMENT

The authors are grateful to the referee for his valuable coments.

REFERENCES

(1] Dayal, Shambhu, 1981. Samplling for estimating weighted totals and averages,
Ann. Inst. Stat. Math., 88, 1, A, 165-76. o

[2) National Sample Survey Organisation (NSSO), India, 1978. Consolidated
Resultes of Crop Estimation Surveys on Principal Crops, 1875-76.



